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asymmetric heating 
M. KOSTIC* and J. P. HARTNETTT 

* University of Belgrade : t University of Illinois at Chicago 

Abstract-Experimental. fully established friction factors and Nusselt numbers are reported for the tur- 
bulent flow of water in a 2 : 1 rectangular duct. The measured friction factors are in good agreement with 
the Blasius prediction if the Reynolds number proposed by Jones is used. The measured Nusselt values are 
in good agreement with the results of Novotny et al. for the turbulent flow of air if the results are corrected 
for the effects of the Prandtl number. 

The influence of asymmetric heating on the average Nusselt number was found to be much less for water 
as a working fluid than for air. This difference is explained by the fact that water has a higher Prandtl 

number than air. 

1. INTRODUCTION 

THE STUDY of friction and heat transfer for turbulent 
flow in non-circular passages, especially rectangular 
ducts, is important because of the wide application of 
these geometries to heat exchanger equipment. The 
knowledge of the fully developed friction factors and 
Nusselt numbers is important for the rational design 
of such systems. 

A critical review of available friction factor data for 
fully developed turbulent flow of Newtonian fluids in 
rectangular channels was carried out by Jones in 1976 
[l]. Jones introduced a modified Reynolds number. 
Re*, so defined that the fully developed, 
tion factor for all aspect ratios is given 
expression as that for the circular tube : 

f = 16/Re*. 

laminar fric- 
by the same 

(1) 

given by the The modified Reynolds number, Re*, is 
following expression 

Re* = C(pVD,/p) (2) 

where the value of C depends on the aspect ratio, as 
shown below: 

Aspect ratio 1 0.75 0.50 0.23 0 
c 1.125 1.106 1.029 0.878 0.667. 

Jones demonstrated that the well-known predictions 
of the friction factor for fully established, turbulent 
Row in circular tubes (i.e. the Blasius or Karman- 
Nikuradse equations) could be used for rectangular 
ducts if the Reynolds number, Re*. is used. 

The prediction of the heat transfer performance is 
more complicated. While the boundary conditions on 
the velocity are given by the relatively simple no- 
slip condition (i.e. the velocity goes to zero on the 
boundaries), the thermal boundary conditions can 
take many forms. Furthermore. the effect of the 

Prdndtl number must be taken into account in the 
case of heat transfer. In view of these considerations, 
it is obvious that the procedure which Jones used for 
friction factor will not work for heat transfer over 
a wide range of boundary conditions and Prandtl 
numbers. 

A review of the literature on turbulent heat transfer 

in rectangular ducts revealed that most of the experi- 
mental studies involved air as the working fluid with 
the most common thermal boundary condition being 
constant heat flux on all four walls (Table 1). Several 
investigators imposed constant heat flux on two 
opposing walls, while the other two walls were not 
heated. With the exception of Levy et al. [8] who used 
water as a working fluid, all of the investigators using 
symmetrical, thermal boundary conditions report 
reasonable agreement with one of the commonly used 
circular tube correlations (i.e. Dittus-Boelter, 
Colburn, Sieder-Tate) where the characteristic length 
is taken as the hydraulic diameter. 

In the case of turbulent flow through a rectangular 

duct with asymmetric heating, there are three experi- 
mental studies [2-4]. In addition, there are analytical 
predictions available for the limiting case of the par- 
allel plate duct with asymmetric boundary conditions. 
Barrow [2], Hatton and Quarmby [14], Hatton et al. 
[15], Madsen [16] and Barrow and Lee [17] using 
different analytical models conclude that the Prandtl 
number has a strong effect on the Nusselt number for 
a fixed Reynolds number and a fixed heat flux ratio. In 
particular, they conclude that the effect of asymmetric 
heating decreased with increasing Prandtl number. 

Experiments carried out with air for the case where 

only one side is heated were found to yield Nusselt 
numbers 15 to 20 lower than the corresponding 
Nusselt number for symmetric heating [3, 41. These 
experimental findings are in good agreement with 
the analytical predictions [2, 14-171. 
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NOMENCLATURE 

c defined in equation (2) 

CP 
specific heat of the working fluid at 
constant pressure [J kg-‘K-l] 

Dh hydraulic diameter, 4 area/perimeter 

[ml 
f Fanning friction factor, z,/(pv?/2) 

h axially local (spanwise averaged) heat 
transfer coefficient, 

qw/(T,,- Tb) [Wm-‘K-7 
kf thermal conductivity of test fluid 

[Wm-‘K-l 1 
NU fully established, axially local (spanwise 

averaged) Nusselt number, hDh/kf 

Nu, fully established, local Nusselt number 
for asymmetric heating (Fig. 5 only) 

NU,=, fully established, local Nusselt number 
for symmetric heating (Fig. 5 only) 
evaluated at the same Reynolds number 
as Nu, 

Pr Prandtl number, pc,/k, 

%. in the case of asymmetric heating. the 

heat flow per unit area on the less heated 
wall [J m ‘1 

qM in the case of asymmetric heating, the 
heat flow per unit area on the more heated 
wall [J m - ‘1 

4w wall heat flux [J m-‘1 
r heat flux ratio, qJq,,, 
Re Reynolds number based on hydraulic 

diameter, pVD,/p 

Rt? Reynolds number defined in equation 

(2) 
Tb test fluid bulk temperature [K] 

TW, inside surface temperature of the heated 
wall [K] 

V bulk velocity in flow direction [m se ‘1. 

Greek symbols 

fi viscosity [Pas] 

P density of the test fluid [kg m -‘] 

T* wall shear stress [Pa] 

No comparable heat transfer experiments with gallon reservoir, a Moyno positive displacement 

asymmetrical heating of water flowing turbulently 
through a rectangular channel appear to be available. 
The purpose of this paper is to report such results for 
heat flux ratios of the opposing heated walls of 0 (i.e. 
one wall heated) 0.25 and 0.5. 

2. EXPERIMENTAL APPARATUS AND 

DATA REDUCTION 

The test section was a 2 : 1 rectangular duct with a 
hydraulic diameter of 1.20 cm and a length of 532 hy- 
draulic diameters as shown in Fig. 1. A cross-section 
of the test section is presented in Fig. 2. The wider 
upper and lower walls were fabricated of stainless steel 
(k = 15 W mm’ “C-l) and heating was accomplished 
by passing DC electric current through the steel walls. 
The electrical system was arranged so that each wall 
could be heated separately, thereby allowing both 
symmetric and asymmetric heating. The adiabatic side 
walls were fabricated of a low-conductivity plastic 

(0.23 W m - ’ K - ‘). Sixteen pressure taps and 91 thermo- 
couples were installed along the length of the duct. 
The rectangular duct was surrounded by a 30.5-cm 
plywood box filled with Styrofoam beads with an 
effective thermal conductivity of 0.036 W m - ’ K ‘. 

The installed horizontal test section was positioned 
in a once-through flow system* consisting of a 400- 

*A once-through system was used inasmuch as the test 
set-up is primarily intended for use with aqueous polymer 
solutions which undergo continuous degradation in a con- 
ventional circulating flow loop. 

pump, connecting piping, a calming section before 
the test section (serving as a flow straightener and 
establishing a uniform velocity profile at the entrance 
to the test section), a mixing section following the test 
section and finally a weighing tank. After passing 
through the flow loop and being weighed, the test fluid 
was emptied into the building drainage system. 

The following measurements were taken after 
reaching steady state : pressure drop ; flow rate ; volt- 
age drop across, and current flow through, the upper 
and lower stainless-steel test section walls ; bulk fluid 
temperature at inlet and exit of the test section ; tem- 
peratures on the outside of the stainless-steel test sec- 
tion walls and temperatures within the plastic side 
walls. 

The spanwise average heat transfer coefficient, h, 
and the corresponding Nusselt number, NM, were cal- 
culated at 23 axial stations along the length of the test 
section. Individual coefficients were calculated for the 
upper plate and the lower plate, based on the actual 
heat flux as measured by the current and voltage. 
The major assumptions made in the analysis of data 
included the neglect of axial and peripheral heat con- 
duction which were validated by experimental 
measurements. 

3. FRICTION FACTORS 

The pressure drop measurements were taken si- 
multaneously with heat transfer measurements. The 
fully developed friction factor results for all cases of 
symmetric and asymmetric heating are given in Fig. 
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FIG. 1. Experimental set-up : flow and power supply loops. 

3 as a function of the modified Reynolds number The experimental results are seen to be in excellent 

introduced by Jones, equation (2). In the particular agreement with the Karman-Nikuradse or Blasius 
case of the 2: 1 aspect ratio rectangular duct, the equations which have been validated for turbulent 

value of C is 1.029 and the Reynolds number Re* pipe flow. The range of uncertainty of the friction 
reduces to factor is of the order of 2% for Reynolds number 

above 10000 with the average deviation of the 
Re* = 1.029~ VD,,/p = 1.029Re. (3) measurements from the prediction being - 1%. 

Plastic side wall 
(Tuffak) 

r Stainless steel wall 

Pressure tap 
(Stainless ste 

Rubber gaskets 

Thermocouple in its 
Delrin carrier 

!.sl) 

FIG. 2. Rectangular duct cross section with details of thermocouple and pressure tap attachment (dimen- 
sions are in centimeters). 
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FIG. 3. Comparison with Blasius of fully developed friction 
factor for turbulent flow of water in a 2 : 1 rectangular duct. 

4. HEAT TRANSFER: 

SYMMETRICAL HEATING 

Heat transfer and pressure drop measurements 
were performed with symmetrical heating of the upper 
and lower walls of the rectangular duct in 23 runs 
covering a Reynolds number range from about 6000 
to 60000. To avoid end effects as well as entrance 
effects the local spanwise average heat transfer 
coefficient was calculated at the middle 16 sections 
(x/D,, = 45-450) and the average of these values was 
taken as the heat transfer coefficient for the run. The 
standard deviations of the averaged values of the 
Nusselt numbers were less than 5%. The calculated 
uncertainty in the Nusselt number is also of the 
order of 5%. 

The measured Nusselt numbers for the turbulent 
flow of water in a 2 : I rectangular duct are compared 
in Fig. 4 with the earlier results of Novotny et al. 
[12, 131 obtained with air in rectangular ducts having 
aspect ratios of 1 : I,5 : 1 and 10 : 1. To account for the 
difference in Prandtl number, the ordinate is Nu/Pr0.4 
while the abscissa is the Reynolds number. The agree- 
ment between the two sets of experimental data is very 
good above a Reynolds number of 10 000. The Dittus- 
Boelter and Gnielinski equations are also shown since 
a recent survey by Shah and London [ 181 concludes 
that the Gnielinski equation more accurately predicts 
circulation pipe heat transfer performance. The 
Dittus-Boelter equation is in better agreement with 
the experimental data than the Gnielinski equation 
above a Reynolds number of 10“. However, the slope 
of the experimental results is somewhat lower than 
the Dittus-Boelter equation and the data of Novotny 
are 10% lower than the prediction at a Reynolds 
numberof 100000. 

5. HEAT TRANSFER: 

ASYMMETRICAL HEATING 

To determine the influence of asymmetrical heating 
on the Nusselt number for water flowing turbulently 
in a rectangular duct with an aspect ratio of 2 : 1, a 
series of experiments was conducted with the heating 
flux ratio of the two opposite stainless-steel walls 
being 0 (one wall heated), 0.25 and 0.50. 

J 

B- Investigator Aspect Ratio Pr - 

- 0 1:1 

‘- A 
NO"Ot"y 

et al b2.14 5:1 Air co.7, 

- v 10:1 

4.. q Present res"ltS 2:1 water ,X6.7, / 
/' 

- --- Gnielinski; N"/Pr0.4 - 0.012 meO.8'- 280, 
for 1.5 c PI < 600 

- Uittus-melter: - 0.023 Re".8 
PJ 

I 
L 

5 IO’_ 

z” a- 
B- 

4- 

2- 

10' , 

‘3 i ‘i’b’i’l i i &‘b’,lo5 
-1 

104 
2 

10 

Re 

FIG. 4. Comparison of present results with those of Novotny et al. (12, 131 and with D&us-Boelter and 
Gnielinski predictions. 
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A total of 18 experiments were conducted with one 
stainless-steel wall heated, all the other walls being 
adiabatic. Five of these runs were taken with the lower 
wall heated and the other 13 with the upper wall 
heated. No detectable differences were observed 
between the runs with the upper wall heated and those 
with the lower wall heated. Comparison with cor- 
responding results for the symmetrical heating case 
revealed that the differences are negligible in the tran- 
sition region up to a Reynolds number of 10 000. For 
Reynolds numbers greater than 10000 it was found 
that the Nusselt numbers for the case where one wall 
is heated are on the average about 8% lower than the 
Nusselt numbers for symmetrical heating. 

It is interesting to compare these results with those 
of Sparrow et al. [3] who conducted similar experi- 
ments with air as the test fluid in a 5 : 1 aspect ratio 
duct. They reported that the Nusselt numbers for the 
case with only one wall heated were lower by about 
15% than the corresponding Nusselt numbers for 
symmetrical heating. The fact that the current results 
show less influence of asymmetrical heating on the 
Nusselt number (8% compared with 15% found by 
Sparrow et al.) is expected because the test fluid, water, 
has a higher Prandtl number than the air used by 
Sparrow et al. 

Eight sets of measurements were taken with both 
walls heated, with the upper wall heat flux equal to 
25% of the lower wall heat flux. On average the 
calculated Nusselt values for the lower heat flux wall 
are higher than for the wall with the higher heat flux, 
the difference being about 10%. The Nusselt numbers 
of the less (25%) heated wall are about 4% above and 
for the more (100%) heated wall 6% below the values 
predicted by the Dittus-Boelter equation. 

Re=20,000 to 60,000 

m 

r=qLmM 

Fig. 5. Nusselt number vs heat flux ratio for asymmetrical 
heating of the two walls. 

Thirteen experimental runs were carried out in a 
series of experiments with the upper wall heat flux 
equal to 50% of the lower wall heat flux. For this 
heating ratio the difference between the Nusselt num- 
bers of the lower heat flux and the higher heat flux 
walls is smaller than in the previous cases. In general, 
the Nusselt numbers of the less heated wall were 
higher than Nusselt numbers of the more heated wall 
as expected. 

The effects of asymmetrical heating on the Nusselt 
values for water flowing turbulently in a 2: 1 rec- 
tangular duct are summarized in Fig. 5 which presents 
the ratio of the Nusselt number for asymmetric heat- 
ing to the Nusselt number for symmetric heating 
evaluated at a fixed Reynolds number (Nu,/Nu,, ,) as 
a function of the heat flux ratio on the two heated 
walls qL/qM. The experimental results of Sparrow et 
al. and the analytical predictions of Hatton et al. are 
presented on the figure for comparison purposes. The 
current data for water reveal relatively little influence 
of asymmetric heating on the Nusselt number with 
the maximum departure from the symmetric heating 
being 8% for the case of one wall heated. It is obvious 
that the difference in the Prandtl number accounts for 
the differences between the current measurements for 
water (Pr = 6.5) and those of Sparrow and his co- 
workers for air (Pr = 0.7). 

6. CONCLUSIONS 

Experimental measurements of the fully established 
friction factors and Nusselt numbers are reported for 
the turbulent flow of water in a 2: 1 rectangular duct. 
Both symmetrical and asymmetrical thermal bound- 
ary conditions are studied. The opposing upper and 
lower walls of the test section were heated by passing 
DC electrical current through them while the nar- 
rower side walls were not heated. The thermal bound- 
ary conditions on each heated wall correspond to 
constant heat input per unit length and constant tem- 
perature peripherally at any axial position. 

The measured, fully developed friction factors are 
in good agreement with the Blasius prediction if the 
Reynolds number proposed by Jones is used : 

f = 0.079(Re*)-0.25. 

For the 2 : 1 duct used in this study the modified Reyn- 
olds number of Jones is only 3% higher than the 
conventional Reynolds number based on the 
hydraulic diameter. In this case the Blasius prediction 
based on the conventional Reynolds number is also 
in excellent agreement with the measurements. 

The measured, fully developed Nusselt numbers for 
turbulent flow of water in the 2 : 1 rectangular duct 
with symmetric heating are in very good agreement 
with the results of Novotny et al. for turbulent flow 
of air in rectangular channels with aspect ratios of 
1 : 1, 5 : 1 and 10 : 1, provided that the results are cor- 
rected for the effects of Prandtl number. Both the 
present results and those of Novotny are in good 
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agreement with the Dittus-Boelter equation above a 
Reynolds number of 104. 

For asymmetrical heating, results are reported for 
values of the heat flux ratio (qL/qM) corresponding to 
0, 0.25 and 0.50. In general, the Nusselt numbers for 
the lower heat flux wall were higher than those of 
the higher heat flux wall, with values of the Nusselt 
number for the symmetrical heating case falling in 
between. The maximum difference in the measured 
Nusselt numbers between the symmetrical case and 
the asymmetrical cases studied occur when one wall 
is heated and the other walls are adiabatic. This 
maximum difference was 8% compared to a value of 
15% found by Sparrow et al. for air. This difference 
reflects the fact that the working fluid in the present 
study, water, has a higher Prandtl number than air. 
Over the range of qL/qhl from 0 to 1 the local Nusselt 
number differs by less than 10% from the value cor- 
responding to symmetrical heating. 
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TRANSFERT THERMIQUE A DE L’EAU EN ECOULEMENT TURBULENT DANS UN 
CANAL RECTANGULAIRE AVEC CHAUFFAGE DISSYMETRIQUE 

R&m&Des coefficients de frottement et des nombres de Nusselt obtenus expkrimentalement sont rap- 
port&s pour l’koulement turbulent d’eau dans un canal rectangulaire 2 : 1. Les coefficients de frottement 
sont en bon accord avec la prevision de Blasius si on utilise le nombre de Reynolds propose par Jones. Les 
nombre de Nusselt au nombre de Froude et au nombre de P&let. Les risultats du modele sont compares 

turbulent si les resultats sont corrigks des effets du nombre de Prandtl. 
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WARMEUBERTRAGUNG BEI TURBULENTER WASSERSTRdMUNG IN EINEM 
RECHTECKKANAL BE1 ASYMMETRISCHER BEHEIZUNG 

Zusammenfassung-Uber eine experimentelle Untersuchung des Widerstandsbeiwertes und der Nusselt- 
Zahl in einer ausgebildeten turbulenten Wasserstromung in einem Rechteckkanal (Seitenverhaltnis 2 : 1) 
wird berichtet. Die gemessenen Widerstandsbeiwerte stimmen gut mit Berechnungen nach Blasius i&rein, 
wenn die Reynolds-Zahl nach Jones verwendet wird. Die gemessenen Nusselt-Zahlen sind in guter Uber- 
einstimmung mit den Ergebnissen von Novotny fiir turbulente Luftstriimung, wenn die Ergebnisse urn die 
Auswirkungen der Prandtl-Zahl berichtigt werden. Der EinfluB der asymmetrischen Beheizung auf die 
mittlere Nusselt-Zahl ist beim Arbeitsmedium Wasser wesentlich geringer als beim Arbeitsmedium Luft. 
Dieser Unterschied wird durch die Tatsache erklart. da13 Wasser eine hohere Prandtl-ZahI als Luft besitzt. 

TEIIJIOHEPEHOC K TYP6YJIEHTHOMY HOTOKY BOAbI, QBMXYIQEMYCJI 
YEPE3 HPJIMOYI-OJIbHblH KAHAJI C ACMMMETPMrIHbIM HArPEBOM 

AHHOTBUHR--npeaCTaBneHbl pe3ynbTaTbl 3KCnepEiMeHTa II0 OIlpe~eJleHHtO K03C/X$WUNeHTa TpeHH%l II 

‘IRCJla HyCCeJIbTanntI ~OnHOCTbEOpa3BMTOrOTyp6yneHTHO~O UOTOKa BOnbl B np,,MOyrO,,bHOMKaHa,,eC 

OTHOUleHHeM CTOPOH 2:l. ki3MepeHHbIe 3HaSeHRI K03@$AUAeHTOB TpeHMR XOpOUIO COrnaCyEOTC,, C 

pe3ynbTaTaM8 pacYeTa 6na3kiyca npe kicnonb30BaHkiH wcna PeiiHonbnca. npeanomeHiior0 &~c~HC~M. 

M3MepeHHbIe 3HaYeHHR YACJla HyCCenbTa XOpOUlO COOTBeTCTBylOT pC3ynbTaTaM HOBOTHOr H Llp.mSi 

Typ6yneHTHOrO nOTOKa BO3LIyXa. CCJLM pe3ynbTaTbl CKOppeKTlcpOBaTb Ha MOneKyn5,pHOC 'IHCJ,O 

Hpaenmn. HaBneuo, ~TO Bnwniue ackiMMeTpwHor0 Harpeea Ha 0cpenHeHHoe 3Ha9eHkie wcna Hyc- 
CenbTa ,VIR BOnbl IlBnRCTCIl SHa',HTCnbHO MeHbLURM. 'ICM nnR BO3nyXa. 3TO 06ld,CHReTC$, pa3,WWeM 

3HareHsiiMoneKynspHoro wcnaIIpaHnTnflnnnBonblA Bosnyxa. 


